In this paper is presented a theory of unbounded operators which admit spectral distributions. The compactness of the support in the bounded case has been replaced by certain growth conditions at infinity. Properties of these operators are studied, including the existence of a Spectral Mapping Theorem.
Introduction. In [2] , Foias introduced the class of bounded operators in Banach spaces which in lieu of spectral measures admit spectral distributions. He proved certain basic properties of these "generalized scalars", such as the Spectral Mapping Thorem. Further investigations of this class of operators and of spectral distributions were made by various authors in [1] , [2] , [4] , [5] , [6] ,1 [8] , and [10].
In [5] , the present author studied the class of generalized scalars with real spectrum, which were called generalized pseudo-hermitian (g.p.h) operators. These operators were characterized by the elementary condition that the real exponential group generated by such an operator have polynomial growth in the uniform operator norm.2 In attempting to study the spectral properties of the infinitesimal generators of C0-groups with polynomial growth, the author has been led to consider unbounded generalized scalar operators.
In this paper is presented a theory of unbounded spectral distributions and of the unbounded generalized scalar operators which they represent. The compactness of the support in the bounded case has been replaced by certain growth conditions at infinity sufficient to insure that the definitions are correct and the resulting class of operators well behaved, in that they generalize both the bounded generalized scalars and the unbounded normal operators in Hubert space. Some properties of the class are discussed, culminating in a Spectral Mapping Theorem. (b) If F strongly vanishes to power p at infinity for all xeX, we say T strongly vanishes to power p at infinity.
Example. Let F be a spectral measure in Hubert space H, defined on the Borel sets in the complex plane, and define a mapping T from 3>iR2) into á?iH) by the formula (1) T" = [<p dE for <p e @lR2).
Here the integral is as defined in [4] . (Reference [7] provides some results used in the manipulations that follow.) Then we have (a) F strongly vanishes to power 0 at infinity ; and (b) F strongly vanishes to power 1 at infinity for all x in the domain DA of the operator A given by the formula
We remark that equation (2) is the general form for an unbounded normal operator in H. Proof of (a). Now J |?)|4i/^=||F^||2=||F2x:||2=||F()I||4 \\x\\2, and is hence bounded on a set of cp for which ||F9|| is bounded. Thus (4) implies that T strongly vanishes to power 0 at infinity.
Proof of (b). If xeDA, then j |A|2 dpx< co, so for supp q>nSr= 0, 
where j=j" |A| 6?£a\ The second factor on the right side of (5) is bounded on a set of y for which || 7^,|| is bounded, as above. Hence the fact that £ strongly vanishes to power 1 at infinity for x follows from the relation S\M2dpx<oe.
Definition 2. Let T be an "integrable" distribution of operators in R2; i.e., £ is a linear mapping from 2¿(R2) into ^(X) (X-Banach space) which is continuous with respect to the topology inherited by S>(R2) from the space âS0(R2) of C^-functions on R2 whose derivatives all vanish at infinity (cf. [3, p. 91] for the topology of @0(R2)).
We say £ is an (unbounded) spectral distribution if and only if:
(a) T^TJ^Vqo^e^R2).
(b) £ strongly vanishes to power 0 at infinity. (c) £is normalized; i.e., if <pe@)(R2) is identically 1 near the origin in R2, and if cpn(X)=cp(l¡n) for all XeR2, then T^x-^x as n-»oo for all xeX.
We must show that property (c) is independent of the choice of the function <p. Let xp be another such function. Let r¡ = (p-y>, rjn = cpn-y)n. We will show Tgnx-*0 as «->oo for all xeX. Now inf{|A|:2esupp í?n}->-co as h-»co, since r¡ vanishes near the origin in R2. Furthermore, {rjn} is a bounded subset of the space ^0(£2), so that ||£,n|| remains bounded as n-»-co. Since £ strongly vanishes to power 0 at infinity, we conclude
T"x-*Q.
We remark that every spectral distribution in the sense of Foias (cf.
[5] or [2] ) satisfies Definition 2. Furthermore, the mapping £ of equation (1) is a spectral distribution in the sense of Definition 2.
Definition 3. Let A be a mapping of a subset DA of X into X. A is called an (unbounded) generalized scalar operator if and only if:
(a) There is a spectral distribution £ such that xeDA if and only if £ strongly vanishes to power 1 at infinity for x (and consequently TX(Pnx converges, where <pn is as in Definition 2(c)) and (b) Ax=limit Tx<Pnx for all xeDA. We then say "A admits the spectral distribution £".
We must show that Definition 3 is independent of the choice of the function cp. With y>, ipn, r¡, and r\n as before, let xeX. If F strongly vanishes to power 1 at infinity for x, then || F^jc ||->-0 as «->co, so TXlfx and TXWnx have the same limit.
Every generalized scalar in the sense of Foias satisfies Definition 3. The operator of equation (2) (c) ATvx=Ty>Axfor all xeDA and ye^iR2).
id) DAn is the set of vectors for which T vanishes to power n at infinity.
Proof, (a) is clear. (b)
Since T is normalized, the set {Tvx\xeX, y>eS>iR2)} is dense. We prove TvxeDA" and AnTvx=Tx»vx by induction on n: assuming the n-1 case, let rje^iR2), supp r¡ disjoint from supp ip. Then Tk"An~1Tvx=
TXnTXn-iyX=TXnwx=0, so F vanishes to power 1 at infinity for An~1Tvx. , we have T^An~1x=TXnnx, so the vanishing of F to power 1 at infinity for An~1x implies F vanishes to power n at infinity for x.
Let J5" be a set of test functions on which F is bounded. Let ^e^0(A2) be such that y(A)=l/A for |A|>1. Then for xeAand r¡e^, we have \\T^x\\ = lim \\TVWmx\\ = ||x|| • sup ||FJ • sup ||FWJ.
But since {fcpm} is á?0(A2)-bounded, supm||FwJ| is finite. Thus Fis bounded on {tpn\r\e3'}. Together with the relation TXn-in=TXnm for supp r¡r\S1= 0, this implies that T vanishes to power «-1 at infinity for x if T vanishes to power n at infinity for x. The remaining half of statement (d) can thus be proved by induction on n using the relation TXnAn~1x=
TXnnx for xeDAn-i.
[April Theorem 2. If A is a generalized scalar operator, then A is a closed operator.
Proof.
Let xmeDA, xm ^ x, Axm -*y. We first show that £ strongly vanishes to power 1 at infinity for x. Let xp run through a set of test functions for which ||£ || remains bounded and inf{|A| :Aesupp y>}->-oo. Given £>0, choose m0 such that m^.m0 implies \\Axm-y\\ ^e/3M, where M is a bound for || rv||. Let rm be a positive number (for each m) chosen such that supp ipC\STm= 0 implies that || TXvxm\\ ^e/3. Let xp be such that supp xpC\ Liouville's theorem, we conclude that £=0 in £2. If l,ep(A)^0, then 0=Fr=gi=(Cl-A)-1Tip so that £9=0, and we have supp Tca(A).
